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Abstract-The extended GDQ proposed by the author is used to develop solution algorithms 
for solving the discrete transient equation system of a continuum mechanics problem. It is a direct 
integration approach. Two integration methods are developed. They are time-element by time- 
element method and stages by stages method. These two time integration algorithms can be used 
to solve a generic discrete transient equation system of an originally discrete system or a discrete 
system resulting from the discretization of a transient system of continuum mechanics problems by 
using a certain discretization technique such as the DQEM, FEM, FDM, etc. @ 2004 Elsevier Ltd. 
All rights reserved. 
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1. INTRODUCTION 
Following the advance in computer technology, the numerical technique has made significant 
progress in the past fifty years. Numerical approach has from then on become a major branch 
in the field of engineering or scientific research. Among the major techniques for numerically 
analyzing continuous problems, the finite difference method was developed earliest. This method 
uses divided difference expressions established from a local Taylor series to replace differential 
or partial differential operators appearing in a mathematical term in discretizing an engineering 
or scientific problem. Though the discretization is straight, it is difficult to deal with problems 
showing nonrectangular or complex curvilinear geometries by using this method. 
The finite element method can consistently discretize problems showing generic geometries 
since it uses interpolation and mapping techniques. This method employs the variational calculus 
or weighted-residual along with the divergence theorem to carry out a weak formulation which 
results in an integral statement valid for a discretization. The discretization is performed on the 
domain of an element, which can have different shape configurations, to result in a computable 
algebraic form. This method has been successfully applied to the solution of various problems in 
many engineering or scientific areas. 
The method of DQ (differential quadrature) defines a set of nodes in a problem domain. Then, 
a derivative or partial derivative of a variable function at a node with respect to a coordinate 
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is approximated as a weighted linear sum of all the function values at all nodes along that 
coordinate direction [l]. The original DQ can only be used to solve problems having regular 
domain. Consequently, its application is very limited. 
The author has generalized the DQ which leads to the GDQ [2]. The weighting coefficients for 
a grid model defined by a coordinate system having arbitrary dimension can also be generated. 
The configuration of a grid model can be arbitrary. In the GDQ, a certain order derivative or 
partial derivative of the variable function with respect to the coordinate variables at a node is 
expressed as the weighted linear sum of the values of function and/or its possible derivatives or 
partial derivatives at all nodes. Time can also be a coordinate variable. The GDQ can thus be 
used to develop transient analysis algorithms for solving discrete equations of transient scientific 
or engineering problems. 
The DQ and GDQ have been extended by the author which results in the extended differential 
quadrature (EDQ) [3]. I n solving a problem, a discrete fundamental relation can be defined at a* 
point which is not a node. The points for defining fundamental relations are discrete points. A 
node can also be a discrete point. Then, a certain order derivative or partial derivative, of the 
variable function existing in a fundamental relation, with respect to the coordinate variables at 
an arbitrary discrete point can be expressed as the weighted linear sum of the values of function 
and/or its possible derivatives or partial derivatives at all nodes. Thus, in solving a problem, a 
discrete fundamental relation can be defined at a discrete point which is not a node. If a point 
used for defining discrete fundamental relations is also a node, it is not necessary that the number 
of discrete fundamental relations at that node equals the number of degrees of freedom attached 
to it. This concept has been used to construct the discrete interelement transition conditions and 
boundary conditions in the differential quadrature element analyses of beam bending problem, 
frame problem, and warping torsion bar problem’[4-61. In the EDQ discretization, the number 
of total degrees of freedom attached to the nodes is the same as the number of total discrete 
fundamental relations required. The author has used DQ, GDQ, and EDQ to develop DQEM [4], 
GDQEM [7], DQFEM [8], and DQFDM [9]. 
In using the extended GDQ to solve the discrete equations of a transient system of continuum 
mechanics problems, the response histories are updated by using the EDQ or DQ. By using the 
EDQ, a step by step procedure is developed. The period of one incremental time step represents 
the range of an EDQ discretization in the time direction. The EDQ is used to carry out the 
time discretization in a step. It is an EDQ time-element. Thus, the step by step procedure 
is also called a time-element by time-element procedure. The initial conditions and transition 
conditions between two adjacent incremental time steps, involving the variable function and 
related gradients, are considered in constructing the step by step procedure and updating the 
response histories. If the order of derivatives with respect to time is limited to one, the initial 
and transition conditions only involve the variable function. For this case, the DQ time-element 
without rotational DOF is used to carry out the transient response analysis. 
By using the equally spaced Lagrange DQ model, another time marching algorithm is con- 
structed. One incremental step solution similar to the step by step solution procedure of the 
previous algorithm is first carried out. Since no rotational DOF is assigned to the Lagrange DQ 
model, the DOF assigned to the second node is used to define the initial condition of velocity for 
structural dynamics problems. After this solution step, a time increment with the value equal to 
the distance spanning several consecutive stages of the initial solution step is increased. These 
newly increased stages and some of the previous stages form the Lagrange DQ model. A solution 
system with variable functions at the newly increased time stages can be defined by using the DQ 
model to discretize the discrete transient equation system. The responses of the newly increased 
time stages can thus be calculated. Then, the response histories can be updated by carrying on 
a stages by stages solution procedure. 
In this paper, numerical procedures developed are summarized and presented. Numerical 
results of sample solutions solved by the developed numerical algorithms are also presented. 
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2. EXTENDED GDQ 
In using the EDQ or GDQ to solve a problem, the number of total degrees of freedom attached 
to the nodes is the same as the number of total discrete fundamental relations required for 
solving the problem. A discrete fundamental relation can be defined at a point which is not a 
node. Then, a certain order of derivative or partial derivative, of the variable function existing 
in a fundamental relation, at an arbitrary point with respect to the coordinate variables can 
be expressed as the weighted linear sum of the values of variable function and/or its possible 
derivatives at all nodes [2,3]. The time variable can also be a coordinate variable [a]. Thus, 
in solving a problem, a discrete fundamental relation can be defined at a point which is not a 
node. If a point used for defining discrete fundamental relations is also a node, it is not necessary 
that the number of discrete fundamental relations at that node equals the number of degrees 
of freedom attached to it. This concept has been used to construct the discrete interelement 
transition conditions and boundary conditions in the differential quadrature element analyses of 
beam bending problem, warping torsion bar problem. 
Let r(t) denote the variable function associated with a one-dimensional problem with < the 
space coordinate or time variable. The EDQ discretization for a derivative of order m at discrete 
point (Y can be expressed by 
where No is the number of degrees of freedom and iis the values of variable function and/or 
its possible derivatives at the NN nodes. The variable function can be a set of appropriate 
analytical functions denoted by T,(E). The substitution of T,(t) in equation (1) leads to a linear 
algebraic system for determining the weighted coefficients Dii The variable function can also 
be approximated by 
40 = !&(Wp7 p=1,2 ,..., ND, (2) 
where $J~(<) are the corresponding interpolation functions of gP. Adopting q,(r) as the variable 
function X(E) and substituting it into equation (l), a linear algebraic system for determining 05 
can be obtained. And the mth order differentiation of equation (2) at discrete point a: also leads 
to the extended GDQ discretization equation (1) in which 0:: is expressed by 
(3) 
Using this equation, the weighted coefficients can be easily obtained by simple algebraic calcula- 
tions. 
The variable function can also be approximated by 
40 = rp(epl p= 1,2 , . , ND, (4) 
where YP(<) are appropriate analytical functions and cP are unknown coefficients. The constraint 
conditions at all nodes can be expressed as 
*p = xp&i, (5) 
where xPp are composed of the values of ‘Y,(t) and/or their possible derivatives at all nodes. 
Solving equations (5) for cF and then substituting it in equation (4), the variable function can be 
rewritten as 
4(E) = ~PK)Xg%. (6) 
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Using the above equation, the weighting coefficients can also be obtained: 
It should be mentioned that the appropriate analytical functions can be formed by using 
certain basis functions defined by the coordinate variables independently. The basis functions 
can be the polynomials, sine functions, Lagrange polynomials, Chebyshev polynomials, Bernoulli 
polynomials, Hermite polynomials, Euler polynomials, rational functions, etc. To solve problems 
having singularity properties, certain singular functions can be used. The problems having infinite 
domains can also be treated. 
3. SOLUTION OF DISCRETE TRANSIENT EQUATION SYSTEM 
The direct integration method adopting the extended GDQ is used to solve the discrete tran- 
sient equation system. There are two different approaches for developing the integration algo- 
rithms. The numerical procedures of these two methods are illustrated by the schemes for the 
dynamic response of linear structural problems. 
3.1. Time-Element by Time-Element Integration Algorithm 
The dynamic response can be solved by increasing the time, step by step. Each step represents 
a time-element. Considering that the dynamic equation system, at a stage of the tth incremental 
step, of the dynamics problems of structures is expressed by 
where MT, is the mass matrix, C,, the damping matrix, K,., the stiffness matrix, Vi the dis- 
placement vector, and F,! the load vector. Let At and r denote the time increment or the size of 
time-element and the natural coordinate with respect to the time t. Then, by using the EDQ to 
discretize 0: and 0: in the above equation, the discrete equation at the time stage p of the tth 
incremental step can be expressed by the following equation: 
where l?$q are displacements and/or their derivatives with respect to t, and 9,, are the corre- 
sponding interpolation functions of the EDQ discretization. In order to solve the above equation, 
two initial conditions are required. Let ut denote the initial displacements of the tth incremental 
step. The initial condition of displacements is expressed as 
Let 6’, denote the initial velocities of the tth incremental step. The initial condition of velocities 
is expressed as 
The values of u: and 6: can be obtained from the solutions of the (t - l)th incremental step. 
The response histories can be uljdated by a time-element by time-element procedure. 
Various time-elements can be used to develop the direct integration schemes. Consider the 
Lagrange time-element having L stage nodes. Since no time derivative of displacement is adopted 
for the time-element, discrete time stages for defining the discrete equations of motion coincide 
with the node stages of the element, and qPq represents the Kronecker delta 6,,. Use the DOF 
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assigned to the first node stage to define the condition of initial displacements, and use the DOF 
assigned to the second node stages to define the initial condition of velocities. Then, by using 
equations (9)-(11)) the following matrix equation can be obtained: 
rJ; {I&} + [I&] { Ut-R} = {FIR} ) (12) 
where 
and 
$G&; + &W;L + Km 
Using equation (12), displacements {Ut,R} of the remaining L - 1 node stages can be found: 
{ Ut’R} = [KRR]-~ ({FIR} - t7: {KRI}) . (14) 
It should be noted that if the problem is linear and the size of the time-element is constant, then 
[ERR] is a constant matrix. Consequently, only one decomposition is necessary for updating the 
response histories if a direct solution scheme is used. 
Consider a C1 - Co EDQ time-element having E stage nodes and L DOF. Assume that the 
first-stage node has two DOF representing the displacement and velocity of the stage node, and 
that each of the remaining E - 1 stage nodes has one DOF representing the displacement of 
the stage node. The two DOF assigned to the first-stage node are used to define the two initial 
conditions of an element step, while the DOF assigned to each other stage node is used to define 
a discrete equation of motion. By using equations (9)-(ll), the following matrix equation can be 
obtained: 
= [F,t>2 F,t+3 .._ F$L-lJT, 
(15) 
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and 
I 
&G& + -&I&D& + K,, . *. 
r 1 KRR = . . . 
1 
+ ntGJ+l,3 . . ' 
Using equation (15), displacements {Ut>R} of the remaining L - 2 node stages can be found: 
{@R} = [IzRR] -’ ({ $lR} - [kR,] {c”“>) . 
It should be noted that if L - 1 in the superscripts implies that the C1 - Co time-element has 
L - 1 stage nodes, then L in the subscripts implies that the time-element has L DOF. 
3.2. Stages by Stages Integration Algorithm 
A different algorithm was developed to solve the discrete dynamic equilibrium equation system. 
In this algorithm, the equally spaced grid Lagrange DQ is used to discretize 0: and ii,“. One 
incremental step solution similar to the time-element by time-element solution procedure of the 
previous algorithm is first carried out. Since no rotational DOF is assigned to the Lagrange DQ 
model, the DOF assigned to the second node is used to define the initial condition of velocity. 
After this solution step, a time increment is increased. Assume that the Lagrange DQ model 
has L nodes and that the value of the time increment equals the distance spanning N + 1 
consecutive stages (nodes) of the initial solution step. N further time stages are thus defined. 
Then, by using this newly increased N stage and the previous L - N stages, the same DQ model 
can be used to discretize 0: and 0: at the newly increased N stages. The discretized equation 
is expressed by 
&M,,D:?, + &&, + K-.&n 1, or = q?, a=L-N+l,L-N+2 ,..., L, (18) 
where osrn is the displacement vector of the DQ time discretization and &? the load vector of 
the newly increased N stages. Since only displacements at the newly increased N stages are 
unknowns, matrix partition technique can be used to obtain an equation system with unknowns 
the displacements at the newly increased N stages. This solution system is smaller than the 
solution system of the time-element by time-element solution algorithm and the first incremental 
step solution of the current algorithm which has the displacements of L - 2 stages as unknowns. 
In this direct integration algorithm, the response histories can be updated by a stages by stages 
solution procedure. For solving dynamic problems of structures, the maximum value of N will be 
L - 2. If the value of N is larger than 1, the numerical stability is rather poor. The approach of 
adopting N = 1 is a stage by stage method. For the solution of a linear problem, both solution 
systems need only one decomposition if a direct solution scheme is used. However, the previous 
algorithm has better numerical stability. 
4. NUMERICAL RESULTS 
The first problem solved involves the dynamic response of a simply supported beam deflected 
into an initial position and then released. The length of the beam, area of cross-section, moment 
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of inertia of cross-section, Young’s modulus, and mass density are all equal to 1. With x = 0, the 
origin of the coordinate, the initial deflection of the beam is expressed as W(IC, 0) = x - 2x3 + x4. 
The analytical solution of displacement response is expressed as 
w(x,t) = $ 2 n=0,1,2 (, , Pn: II5 sin (2n ,+,B)“” [(2n + 1)7r]% 
One 13-DOF DQEM element was used to model the beam and carry out the space discretization 
to obtain the discrete equations of motion. Chebyshev polynomials are used to define the EDQ 
discretization. Chebyshev polynomials can be generated from the following recursion formula: 
T,+i([) = 2[T,(e) - T,-i(E), with the two initial members To(<) = 1 and Ti([) = [. Certain 
procedures for adopting an analytical function to define the EDQ discretization can be used to 
calculate the weighting coefficients. In an element, the EDQ nodes are defined by the roots of 
Chebyshev polynomials. With the range being -1 5 6 5 1, the roots of Chebyshev polynomials 
are <i = -1, ta = - cos((cr~)/(N~ + 1)) for (Y = 2,3,. . . , Ne - 1 and 6~~ = 1. With the range 
being 0 5 < 5 1, the positions c of element nodes can be defined by using the transformation 
formula c = 0.5(1. + <). 
The dynamic response was solved by using the C1 - Co time-element by time-element direct 
integration procedure. In the analysis, the damping effect is neglected. Chebyshev polynomials 
are also used to the EDQ discretization with respect to t. Numerical results of the midspan 
displacements at four different time stages are summarized and listed in Table 1 with which the 
convergence and stability can be seen. 
Table 1. Midspan displacements of the beam at four different time stages. (C’ - Co 






















t = 0.08 t = 0.12 t = 0.28 t = 0.32 
0.199747 0.094101 -0.201222 -0.190752 
0.198464 0.084182 -0.250999 -0.232869 
0.198954 0.080568 -0.281162 -0.260233 
0.226180 0.128442 -0.285116 -0.317038 
0.229152 0.131350 -0.281540 -0.316651 
0.227875 0.132752 -0.281850 -0.314308 
0.197956 0.082509 -0.265425 -0.246877 
0.198491 0.079470 -0.288865 -0.267533 
0.199701 0.077879 -0.301616 -0.279772 
0.213634 0.103578 -0.298788 -0.303921 
0.214513 0.103103 -0.302044 -0.308994 
0.214013 0.102636 -0.303409 -0.312018 
0.220073 0.118635 -0.292681 -0.312466 
The second problem solved involves the dynamic response of a fixed-free bar deflected into 
an initial position and then released. The length of the bar, area of cross-section, mass density, 
and Young’s modulus are all equal to 1. With x = 0, the origin of the coordinate, the initial 
displacement of the bar is expressed as U(X, 0) = x. One ll-DOF Chebyshev DQEM element was 
used to model the bar and carry out the space discretization to obtain the discrete equations of 
motion of the bar. In the analysis, the stage by stage solution procedure was used to carry out the 
time integration. The damping effect is also neglected. Numerical results of using various orders 
of DQ approximation for the stage by stage procedure are summarized and listed in Table 2. The 
convergence can be seen in the table. 
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Table 2. Displacements of free end at four different time stages (stage by stage 
method) 
At per Stage t=1 t=2 t=3 t=4 
0.25 0.578140 0.283307 0.425257 0.614877 
0.125 0.533093 0.200649 0.459974 0.718572 
0.0625 0.515750 0.141466 0.482326 0.800278 
0.03125 0.503459 0.097964 0.494900 0.859948 
0.25 0.433064 0.083640 0.460351 0.894515 
0.125 0.495808 0.068693 0.513613 0.899695 
0.0625 0.502787 0.014689 0.514166 1.08634 
0.25 0.499217 0.029679 0.571059 0.876318 
0.125 0.507078 0.009580 0.490286 0.944378 
The last problem solved involves the dynamic response of a square membrane. Let u(z, y, t) 
denote the displacement. The dynamic equilibrium equation is expressed by 
The boundary condition is u = 0 on the boundary of the membrane for all t 5 0. The membrane is 
deflected into an initial position U(Z, y, 0) = sin TX sin 2ry and then released. One 11 x 11 Cheby- 
shev DQEM element was used to model the membrane and carry out the space discretization to 
obtain the discrete equation of motion of the membrane. In the analysis, Lagrange time-element 
by time-element procedure was used to carry out the time integration. Let Tl denote the first 
natural frequency of the membrane. Numerical results of the displacement at (0.5,0.25) at four 
different time stages using various orders of DQ approximation for the Lagrange time-element 
by time-element procedure are summarized and listed in Table 3. It shows that the numerical 
stability and convergence rate are excellent. The problem was resolved by considering the effect 




Numerical results obtained are summarized and listed in Table 4. It also shows that the numerical 
stability and convergence rate are excellent. 
Table 3. Displacements of the point (0.5,0.25) at four different time stages (neglecting 






Size of t/T1 = 0.12 t/T1 = 0.36 
Time-Element 
t/TI= 
0.02 0.747818 -0.435300 -0.633678 0.413503 
0.01 0.736821 -0.534268 -0.708526 0.588892 
0.005 0.732512 -0.585537 -0.755020 0.693230 
0.0025 0.730648 -0.611458 -0.780991 0.749796 
0.02 0.725067 -0.646534 -0.792620 0.823697 
0.01 0.728096 -0.639930 -0.805258 0.813633 
0.02 0.728900 -0.638195 -0.809501 0.810936 
0.01 0.728962 -0.637576 -0.809021 0.809503 
0.02 0.728975 -0.637478 -0.808969 0.809285 
0.02 0.728969 -0.637492 -0.808942 0.809307 
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Table 4. Displacements of the point (0.5,0.25) at four different time stages (consid- 
ering the effect of damping). 
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t/T1 = 0.12 t/T1 = 0.36 t/T1 = 0.60 t/T1 = 0.90 
0.02 0.747818 -0.435300 -0.633679 0.413504 
0.01 0.732030 -0.592242 -0.761318 0.707620 
0.005 0.728301 -0.644958 -0.815156 0.826296 
0.0025 0.726734 -0.671467 -0.845271 0.890214 
0.02 0.721229 -0.708923 -0.860561 0.977129 
0.02 0.725361 -0.697966 -0.877701 0.957052 
5. CONCLUSIONS 
The extended GDQ can be used to develop direct integration schemes for solving a discrete 
transient equation system of an originally discrete system or a discrete system resulting from the 
discretization of a continuum system by using a certain discretization technique. The schemes can 
be divided into two types. They are time-element by time-element method and stages by stages 
method. For the solution of a linear problem, both solution systems need only one decomposition 
if a direct solution scheme is used. The algorithms are efficient. The time-element by time-element 
method has better numerical stability. 
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